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Background It is known that some well-established parametrizations of the nuclear energy density functional (EDF) do not
always provide converged results for nuclei. It has been pointed out that there is a qualitative link between this finding
and the appearance of finite-size instabilities of symmetric nuclear matter (SNM) near saturation density when computed
within the random phase approximation (RPA).
Purpose We seek for a quantitative and systematic connection between the impossibility to converge self-consistent calculations
of nuclei and the occurrence of finite-size instabilities in SNM, using the example of scalar-isovector (S = 0, T = 1)
instabilities of the standard Skyrme EDF. Our aim is to establish a stability criterion based on computationally-friendly
RPA calculations of SNM that is independent on the functional form of the EDF and that can be utilized during the
adjustment of its coupling constants.
Results Tuning the coupling constant Cρ∆ρ1 of the gradient term that triggers scalar-isovector instabilities of the standard
Skyrme EDF, we find that the occurrence of instabilities in finite nuclei depends strongly on the numerical scheme used to
solve the self-consistent mean-field equations. The link to instabilities of SNM is made by extracting the lowest density
ρcrit at which a pole appears at zero energy in the RPA response function when employing the critical value of the
coupling constant Cρ∆ρ1 extracted in nuclei.
Conclusions Instabilities of finite nuclei can be artificially hidden when employing inappropriate numerical schemes and
relying on overly restrictive, e.g. spherical, symmetries. Our analysis suggests a two-fold stability criterion to avoid
scalar-isovector instabilities: (i) The density ρmin corresponding to the lowest pole in the RPA response function should
be larger than about 1.2 times the saturation density; (ii) one needs to verify that ρp(qpq) exhibits a distinct global
minimum and is not a decreasing function for large transferred momenta.
PACS numbers: 21.30.Fe, 21.60.Jz, 21.65.-f, 31.15.E-
I. INTRODUCTION
Energy density functionals (EDFs) are popular tools
for the description of fermionic systems within self-
consistent mean-field methods. They are successfully ap-
plied to atomic nuclei [1], liquid helium [2, 3], helium
droplets [4, 5] and cold atoms in traps [6].
The EDF is the key ingredient of such methods. Its
parameters are determined phenomenologically by fit-
ting a few properties of selected finite as well as prop-
erties of idealized infinite systems, such as the electron
gas or homogeneous nuclear matter. There is, however,
no certainty that an EDF constructed in this way will
not exhibit an unphysical behavior when applied to any
physical system. The example under study in this pa-
per manifests itself by the impossibility to converge the
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iterative procedure to solve the mean-field equations for
the ground-states of some nuclei (e.g. see Refs. [7–10]).
Such non-convergence is a fingerprint of an instability of
nuclear matter that can be characterized in the idealized
system of homogeneous isospin-symmetric nuclear mat-
ter (SNM). Two cases must be distinguished.
Landau-Migdal parameters [11] can be a guide to iden-
tify instabilities in the infinite wavelength limit (or zero
momentum transfer qph = 0) of the response function
that characterize the transition of SNM between two dif-
ferent homogeneous phases of matter [12]. State-of-the-
art ab-initio many-body calculations predict SNM to be
stable in all spin-isospin channels up to several times sat-
uration density [13, 14]. Therefore, Landau-Migdal pa-
rameters are often used to validate or even constrain the
parameters of the EDF.
More general finite-size instabilities may appear at fi-
nite momentum transfer qph 6= 0 [8] that cannot be mon-
itored by Landau parameters. At a given density, those
instabilities can be detected by scanning the linear re-
sponse of SNM as a function of the wavelength (or trans-
2ferred momentum qph) of a perturbation in each of the
four spin-isospin (S,T ) channels of the particle-hole inter-
action. Tools for such studies have been set-up for non-
relativistic Skyrme [8, 15–18] parametrizations of the nu-
clear EDF. The instability arises as a collective mode at
zero excitation energy, signaling that homogeneous mat-
ter undergoes a transition to an inhomogeneous phase.
The only known physical example of such a finite-size in-
stability of homogeneous matter is the so-called spinodal
instability in the S = 0, T = 0 channel [18–21], which sets
in below about 2/3 of nuclear saturation density in SNM.
It signals that homogeneous nuclear matter becomes un-
stable against the formation of finite-size clusters. To the
best of our knowledge, no ab-initio prediction exists re-
garding the stability of SNM with respect to finite wave-
length perturbations in the three other spin-isospin chan-
nels. However, as we shall see below, the very existence
of nuclei excludes the possibility of finite-size instabilities
of homogeneous matter for a wide range of densities and
transferred momenta.
Systematic investigations of finite-size instabilities
have started only recently [8–10, 22, 23]. In the fol-
lowing, we limit ourselves to the instability related to
unphysical strong oscillations of the scalar-isovector den-
sity ρ1(r) ≡ ρn(r) − ρp(r) that measures the local differ-
ence between neutron and proton matter density distri-
butions [7, 8]. Within the standard Skyrme parametri-
zation of the nuclear EDF, such a pathology is induced
by a strongly attractive scalar-isovector gradient term of
the form
Eρ∆ρ1 ≡
∫
d3r Eρ∆ρ1 (r) ≡
∫
d3rCρ∆ρ1 ρ1(r)∆ρ1(r) . (1)
Instabilities triggered by terms containing gradients of
spin densities have been encountered as well [9, 10, 24].
The objective of the present article is to search for a
transparent, that is, quantitative and systematic, rela-
tion between the impossibility to converge self-consistent
calculations of nuclei and the occurrence of finite-size in-
stabilities in SNM, independent of the details of the EDF
parametrization. Such a relationship is not straightfor-
ward because nuclei are affected by shell and surface ef-
fects that do not exist in SNM. If such a one-to-one corre-
spondence can be established, we wish to introduce a cri-
terion based on computationally-friendly random-phase
approximation (RPA) calculations of SNM to control the
stability of EDF parametrizations during the adjustment
of their coupling constants. We focus here on the stan-
dard form of the EDF [1] and, as mentioned above, on
scalar-isovector (S = 0, T = 1) instabilities.
The paper is organized as follows. In Sect. II, we intro-
duce the protocol of our analysis and detail the methods
used. The results obtained with this protocol are pre-
sented and analyzed in Sect. III. Conclusions are given
in Sect. IV. Two appendices provide further technical de-
tails.
Param. Ref. m∗s/m m
∗
v/m ρsat K∞ asym
KDE0v1 [27] 0.74 0.81 0.165 227 34.6
LNS [28] 0.83 0.73 0.175 211 33.4
NRAPRii [29] 0.69 0.60 0.161 226 32.8
SQMC700 [30] 0.76 0.64 0.170 220 43.5
SkM* [31] 0.79 0.65 0.160 217 30.0
SLy5 [32] 0.70 0.80 0.160 230 32.0
T11 [33] 0.70 0.80 0.161 230 32.0
T44 [33] 0.70 0.80 0.161 230 32.0
UNEDF0 [34] 1.11 0.80 0.161 230 30.5
TABLE I: Basic SNM properties for the nine Skyrme para-
metrizations used in the present work.
II. PROTOCOL OF THE ANALYSIS
A. Procedure
The present analysis is carried out for nine parame-
trizations that are all based on the traditional form [1]
of the Skyrme EDF. This set includes four parametri-
zations, KDE0v1, LNS, NRAPRii1, and SQMC700 that
were shown to be consistent with a large set of pseudo-
data in SNM [26] and were adjusted to no or very limited
nuclear masses. In addition, we incorporated five para-
metrizations, SkM*, SLy5, T11, T44 and UNEDF0 in
the set for which the fitting procedure includes proper-
ties of finite nuclei and which are widely used. Basic
SNM properties are summarized in Table I for the nine
parametrizations.
In the standard form of the Skyrme EDF, the insta-
bility under study is governed by the term Eρ∆ρ1 and
can be controlled by tuning the single parameter Cρ∆ρ1 .
Although the nine EDF parametrizations differ in the
protocol used to adjust their coupling constants, we will
see that scalar-isovector instabilities are characterized by
a rather universal critical value of Cρ∆ρ1 . However, as
we anticipate the future use of more elaborate EDF pa-
rametrizations [35–37] for which the appearance of an
instability in a given (S, T ) channel may be due to sev-
eral terms in the energy density, we aim at linking the
instability to a more physical quantity rather than to a
coupling constant.
Such a link can be established by means of random
phase approximation (RPA) calculations of SNM. Within
this approach, the instability of the density is marked by
the occurrence of a pole at ω = 0 and finite momentum
in the response function χ
(α)
RPA(qph, ω; kF ) (α = (S, T )),
that is, by the existence of a zero-energy excitation mode.
1 The notation ii indicates that we have doubled the strength W0
of the spin-orbit interaction of the original NRAPR parametri-
zation, as suggested in [25].
3The solution of this implicit equation defines domains of
instability in the (qph, kF ) plane whose boundaries de-
fine the curve ρp(qph), where ρ ≡ 2k
3
F/3pi
2. The for-
malism used to compute χ
(α)
RPA(qph, ω; kF ) on the basis
of the Skyrme EDF has been outlined for central terms
in Ref. [15], and extended to spin-orbit [16] and tensor
terms [17, 18]. The extraction of unstable modes at den-
sity ρ and momentum transfer qph can be efficiently per-
formed on the basis of the inverse energy-weighted sum-
rule [18].
The analysis is performed in three steps:
1. Each of the nine parametrizations is modified by in-
creasing the value of Cρ∆ρ1 from its nominal value
up to a critical value leading to non-convergence.
In the following, the notation of a parametrization
with a prime (as SLy5’) indicates that the value
of Cρ∆ρ1 is different from the one of the original
parametrization. We have verified that the varia-
tion of Cρ∆ρ1 around its nominal value (in steps of
0.1 MeV fm5) does not significantly deteriorate the
overall properties of the parametrization.
2. The ground-state energy of selected nuclei is
calculated with the modified parametrizations.
A parametrization should be discarded if it
leads to non-convergence for any known nu-
cleus. To make the calculation numeri-
cally manageable, we chose a representative
set of nine spherical doubly closed-shell nuclei
(16O,40,48Ca,56,78Ni,100,132,176Sn,208Pb) and one
deformed open-shell nucleus (170Hf). Time-reversal
symmetry can be enforced for even-even nuclei,
which suppresses possible spin (S=1) instabilities
originating from time-odd terms of the EDF. Pair-
ing correlations are also neglected. For each of the
nine parametrizations, we define the critical value
Cρ∆ρ1,crit as the smallest value of C
ρ∆ρ
1 for which an
instability occurs in any of the selected nuclei.
3. For Cρ∆ρ1 = C
ρ∆ρ
1,crit, we extract the minimum of
ρp(qph), which we will refer to as ρcrit in the follow-
ing, and study its correspondence to the results in
finite nuclei.
To facilitate the analysis of the results obtained in step
2 and 3 of our protocol, we introduce the scalar-isoscalar
density at the center of 40Ca ρcent = ρ0(0) and the rela-
tive momentum distribution at R = 0 through
fi(q) =
1
(2pi)3/2
∫
e−iq·sρi(0, s) d
3s , (2)
where ρi(R, s) is the non-local scalar density for species
i = n or p as a function of the center of mass and relative
coordinates R and s. We chose 40Ca because its density
distribution exhibits a central bump that can reach about
1.2 × ρsat and makes this nucleus particularly prone to
instabilities (see below).
The convention used to define fi(q) is different of the
one used in [38] and allows to have
ρi(0,0) =
1
(2pi)3/2
∫
fi(q) d
3q . (3)
B. Numerical detections of instabilities
The detection of instabilities in nuclei depends on the
numerical algorithm, on the symmetry restrictions im-
posed to solve the equations, and on the accuracy that
is required in the calculation. An insufficient accuracy
or overly restrictive symmetries may hinder the instabil-
ity and artificially increase the value of Cρ∆ρ1,crit. To in-
vestigate such features and limit the numerical bias, we
employ two methods to perform the analysis in spherical
symmetry and a third one allowing triaxial quadrupole
deformations.
• In Hosphe [39], single-particle wave functions are
expanded on an optimized spherical harmonic oscil-
lator (HO) basis. The accuracy is varied by chang-
ing the number of shells Nsh included in the HO
basis.
• In Lenteur [40], one-body equations are solved
in coordinate space enforcing spherical symmetry.
Radial wave functions with an angular momentum
up to 41/2 ~ are discretized on a mesh along a ra-
dius of 18 fm. The accuracy of the calculation is
varied by modifying the step size dr of the radial
mesh.
• In Ev8 [41], single-particle wave functions are dis-
cretized on a 3-dimensional (3D) Cartesian mesh.
Three symmetry planes are imposed, correspond-
ing to the description of triaxially deformed shapes.
The accuracy of the calculation is varied by chang-
ing the step size dx of the mesh.
III. RESULTS
A. Analysis in nuclei
Here, we carry out step 1 and 2 of the protocol de-
scribed in Sect. II B. In calculations of finite nuclei, as
the one-body equations of motion are solved iteratively,
an instability in the S = 0, T = 1 channel occurs when
it becomes energetically favorable to build oscillations
of neutrons against protons of unlimited amplitudes [8].
Numerically, this manifests itself differently in the vari-
ous codes. In Hosphe, the convergence criteria cannot
be met beyond a certain value for Cρ∆ρ1 , even when run-
ning the code for an unusually large number of iterations,
and a random scatter of the energies is observed as a
function of the iterations. For an insufficient number of
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FIG. 1: (Color online) Contribution of Eρ∆ρ1 to the binding
energy of 40Ca as a function of the number of iterations. Four
modified SLy5’ [32] parametrizations with values of Cρ∆ρ1
around its critical value Cρ∆ρ1,crit are represented. Calculations
are performed with the Ev8 code for a value dx = 0.4 fm of
the Cartesian mesh.
shells, however, this is preceded by a very strong - un-
physical - variation of the ground-state energy, indicating
that the instability in fact occurs already at smaller val-
ues of Cρ∆ρ1 (see Appendix A for more details). By con-
trast, with Lenteur and Ev8 an instability is clearly
detected at all accuracies. For Lenteur, the calcula-
tion is halted when density oscillations make the isovec-
tor gradient term unreasonably large, whereas for Ev8
the convergence criteria are never reached.
Systematic exploratory calculations with both spheri-
cal codes showed that the instability always sets in first
in 40Ca or 208Pb (see App. B). The calculations with
the 3D code, being much more time-consuming at small
mesh sizes, were thus limited to these two doubly-magic
nuclei and a deformed one, 170Hf. The values of Cρ∆ρ1,crit
obtained with Hosphe for an unusually high number of
shells, Nsh=60, are still significantly larger than those ob-
tained with methods using a coordinate space represen-
tation. Results with Lenteur and Ev8 are consistent
but Cρ∆ρ1,crit systematically takes lower values with Ev8.
This is explained by the lower degree of symmetry of the
latter code which allows more freedom to develop oscilla-
tions in a “spherical” nucleus. Also, with Ev8, the value
of Cρ∆ρ1 at which the instability sets in is systematically
the lowest in 40Ca. Therefore, in the following, we con-
centrate on the results obtained with Ev8 for 40Ca. At
dx = 0.40 fm, the size of the box in all directions was
chosen equal to 26 fm and for the larger values of dx the
number of points on the mesh was adjusted accordingly.
We then benefit from 40Ca being a N = Z nucleus and
compute its energy without Coulomb interaction such
that Eρ∆ρ1 should be zero at convergence. The calcu-
lation is initiated with wave functions of the N 6= Z
nucleus 50Ca such that Eρ∆ρ1 is non-zero when the iter-
Param. Ref. Cρ∆ρ1 ρmin/ρsat C
ρ∆ρ
1,crit ρcrit/ρsat
KDE0v1 [27] 11.498 2.39 30.8(1) 1.18
LNS [28] 33.750 1.25 28.5(1) 1.35
NRAPRii [29] 16.599 4.21 33.1(1) 1.67
SQMC700 [30] 15.884 4.77 31.1(1) 1.45
SkM* [31] 17.109 2.94 32.7(2) 1.36
SLy5 [32] 16.375 1.72 31.7(2) 1.08
T11 [33] 14.252 1.92 31.6(2) 1.08
T44 [33] -4.300 6.63 31.8(2) 1.05
UNEDF0 [34] -55.623 4.13 29.0(1) 1.02
TABLE II: Nominal values of Cρ∆ρ1 (MeV fm
5) and ρmin/ρsat.
The critical coupling Cρ∆ρ1,crit and density ρcrit/ρsat are given for
dx = 0.4 fm (see text).
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FIG. 2: (Color online) Critical value of Cρ∆ρ1,crit for the various
(modified) parametrizations as a function of the step size dx
used in the Ev8 code.
ations are started (∼ 10−1 MeV) and consequently run
for 4000 iterations. Parametrizations are considered to
be stable when the linear slope with which Eρ∆ρ1 changes
in log scale after about 1000 iterations is negative (see
Fig. 1) and Eρ∆ρ1 becomes of the order 10
−10 MeV or
less. This allows us to pin down Cρ∆ρ1,crit with a numeri-
cal uncertainty of about 0.2 MeV fm5 (see Table II for
dx = 0.4 fm).
A few comments are in order before the further pre-
sentation of our results. First, we have verified that pair-
ing correlations do not alter the outcome of the analysis.
Second, we note that the number of iterations necessary
to unambiguously identify the instability is significantly
larger than what is routinely used. It is thus easy to over-
look the unstable nature of a given parametrization [8].
The same is true when imposing too restrictive symme-
tries. As such, the values of Cρ∆ρ1,crit extracted with Ev8
should be seen as upper bounds, as one cannot rule out
that a completely symmetry-unrestricted numerical rep-
resentation would not provide even lower values. Last but
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FIG. 3: (Color online) The function ρp(qph) for a SLy5’
parametrization corresponding to Cρ∆ρ1 = 30.0 MeV fm
5. The
minimum of the ρp(qph) defines the lowest density ρmin at
which a pole occurs for this value of Cρ∆ρ1 .
not least, overly restrictive numerical parameters may
also hide the instability as already mentioned for the code
employing a HO basis expansion. The sensitivity to the
mesh size is illustrated for Ev8 in Fig. 2, where the value
of Cρ∆ρ1,crit is displayed for dx = 0.4, 0.6 and 0.8 fm for the
nine parametrizations studied here. One observes a large
change with dx for LNS, NRAPRii, SQMC700, SkM*,
and UNEDF0, whereas that variation is much milder for
KDE0v1, SLy5, T11, and T44. While Cρ∆ρ1,crit varies over
a range similar to its numerical uncertainty for the lat-
ter group, it continues to decrease linearly for the former
group as one lowers the mesh to dx = 0.4 fm, which is half
of the value typically used in nuclear structure studies.
B. Connection with RPA in SNM
We now come to step 3 of our protocol (see Sect. II B)
and aim to establish a connection between the non-
convergence occurring in calculations of finite nuclei with
results obtained using the RPA in SNM.
An example of an RPA calculation is presented in
Fig. 3, which displays ρp(qph) for SLy5’ with C
ρ∆ρ
1
slightly below Cρ∆ρ1,crit. The value of ρmin is defined as
the minimum of ρp(qph) and corresponds to a momen-
tum transfer qph = qmin. Fig. 4 presents the dependence
of ρmin on C
ρ∆ρ
1 . The critical density ρcrit is then ex-
tracted as the value of ρmin obtained for C
ρ∆ρ
1 = C
ρ∆ρ
1,crit.
The values obtained for the nine EDF parametrizations
are listed in Table II and plotted in Fig. 5. The uncer-
tainty on ρcrit is estimated from the uncertainty on C
ρ∆ρ
1,crit
due to both its method of extraction and its dependence
on dx. Figure 5 also presents the interval between ρsat
and ρcent, which is the highest density attained in
40Ca.
Note that ρcent is typically about 20 % larger than ρsat.
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FIG. 4: (Color online) ρmin as defined in Fig. 3 as a function
of Cρ∆ρ1 . The vertical band C
ρ∆ρ
1,crit intersects the curve to
define the horizontal band ρcrit. The dashed line denotes the
saturation density ρsat of SNM corresponding to by SLy5.
Naively, one would expect to find a value of ρcrit at
densities that are explored in a nucleus, otherwise stated,
one would expect ρcrit ≤ ρcent. This is the case for UN-
EDF0, KDE0v1, SLy5, T11 and T44 at all accuracies.
By contrast, for LNS, SQMC700, and SkM* this is no
longer true for all accuracies and for NRAPRii, ρcrit at
all accuracies even corresponds to densities that are never
probed inside a nucleus. Clearly, the picture is more
complicated than a naive one-to-one correspondence be-
tween the densities occurring in a finite nucleus and those
probed by SNM, as could be expected when considering
that the density at each point inside the nucleus is not
behaving as if it simply were a piece of SNM with the
same density. Not surprisingly, the four parametriza-
tions (KDE0v1, SLy5, T11 and T44) for which the value
of Cρ∆ρ1,crit does not vary much with dx (see Fig. 2), present
much smaller error bars than five others.
C. Discussion
Figure 6 and Fig. 7 provide the same kind of informa-
tion as Fig. 3 for the nine parametrizations but extended
to larger values of qph. In Fig. 6, C
ρ∆ρ
1 was taken at its
nominal value. All curves present a well defined mini-
mum at a small qph, except for LNS, for which ρp(qph)
decreases monotonically above qph = 4 fm
−1. This dif-
ferent behavior of the LNS curve can be attributed to
the fact that LNS is already unstable for the nominal
value of Cρ∆ρ1 . In Fig. 7, C
ρ∆ρ
1 was chosen at its crit-
ical value. Several differences between the two figures
are clearly apparent. For all EDFs, the minimal value
of the density for which an instability occurs at low qph
is significantly reduced. For the four parametrizations
(KDE0v1, SLy5, T11 and T44) with small error bars
in ρcrit/ρsat, this minimal value corresponds to a well-
defined minimum beyond which the curve increases in a
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FIG. 5: (Color online) Critical density ρcrit/ρsat. The uncer-
tainty band comes both from the numerical extraction and
the variation with dx. The vertical bar indicates the value
for the lowest mesh size used dx = 0.4 fm. The dashed line
indicates the interval [1, ρcent/ρsat].
monotonic way. By contrast, for the other five parame-
trizations (LNS, SQMC700, SkM*,UNEDF0), there is a
monotonic decrease of the density corresponding to the
pole for large values of qph which seemingly approaches
an asymptotic value.
Let us now look at the distribution of relative neu-
tron momenta fn(q) at the center of
40Ca, i.e. where
its density is maximal. The calculation is performed in
spherical symmetry with the code Lenteur. The start-
ing point of the calculation is a converged wave function
obtained for the nominal value Cρ∆ρ1 of a given parame-
trization. We then increase Cρ∆ρ1 to a value just above
Cρ∆ρ1,crit and run the calculation for several hundreds of
iterations. Figures 8 and 9 display f2n(q) at various num-
bers of iterations on the way to the non-convergence for
SLy5’ and SQMC700’, respectively.
Both parametrizations display a very different behav-
ior. For SLy5’, f2n(q) starts to grow around q = 2.2 fm
−1
(see Fig. 6) and grows significantly for low q-values dur-
ing the iterations (note the logarithmic scale). This in-
dicates that the divergence is highly dominated by these
low q-values and is consistent with the fact that ρp(qph)
exhibits a clear global minimum at small qph for SLy5’.
For SQMC700’, there is only an increase of f2n(q) for high
q-values. Indeed, when the calculation starts to diverge,
all the weights of momenta larger than q = 3.1 fm−1 in-
crease. This seems to be consistent with ρp(qph) being a
monotonously decreasing function for qph tending to ∞,
without a distinct global minimum.
The observations made above for SLy5’ (SQMC700’)
are valid for any parametrization belonging to the first
(second) group. Hence, the very different behavior of
f2n(q) at the onset of and during the divergence seems to
support the hypothesis that there is a link between the
qmin in SNM and the onset of instabilities in finite nuclei.
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FIG. 6: (Color online) ρp(qph) for the parametrizations given
in Table II at the nominal value of the coupling constant
Cρ∆ρ1 .
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FIG. 7: (Color online) ρp(qph) for the parametrizations given
in Table II at the critical value of the coupling constant Cρ∆ρ1 .
Note the different scale of the y-axis in comparison to Fig. 6.
IV. CONCLUSIONS
The present study aimed at relating instabilities in en-
ergy density functional calculations of nuclei to finite-
wavelength instabilities of homogeneous symmetric nu-
clear matter computed at the RPA level. A detailed
study of the various numerical aspects in finite nuclei
and of the relation between results in SNM and finite
nuclei has lead us to the following conclusions:
1. Instabilities of finite nuclei can be artificially hidden
when using inappropriate numerical schemes, such
as an insufficiently large basis, a too coarse mesh,
or overly restrictive, e.g. spherical, symmetries. An
unusually high accuracy of the calculation is re-
quired to unambiguously detect instabilities. Also,
a code breaking spherical symmetry and relying on
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FIG. 8: (Color online) Square of the relative momentum dis-
tribution f2n(q) at R = 0 for neutrons in
40Ca with SLy5’ tak-
ing Cρ∆ρ1 slightly above C
ρ∆ρ
1,crit. The four curves (see text) cor-
respond to different numbers of Hartree-Fock iterations and
the vertical dashed line indicates q = 2kF .
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FIG. 9: (Color online) Same as Fig. 8 but for SQMC700’
(Cρ∆ρ1 slightly above C
ρ∆ρ
1,crit).
appropriate tool for this task
2. Numerically hiding a finite-size instability by
choosing too coarse a numerical representation is
not equivalent to suppressing it. Although a con-
verged solution of the self-consistent mean-field
equations might be found for a given set of numeri-
cal parameters, the observables remain strongly de-
pendent on the choices made for these parameters.
3. Omitting the UNEDF0 parametrization for the mo-
ment, the parametrizations that we have studied
can be systematically classified in two groups. The
first one (SLy5, KDE0v1, T11, T44) corresponds
to parametrizations for which the uncertainty in
Cρ∆ρ1,crit is small, ρp(qph) has a marked absolute min-
imum as a function of qph, and the behavior of f
2
n(q)
indicates that the divergence is dominated by low
q-values. For this group of parametrizations, ρcrit
within error bars is smaller than ρcent. In case
of the second group (LNS, NRAPRii, SQMC700,
SkM*), the uncertainty in Cρ∆ρ1,crit is large, ρp(qph)
is monotonously decreasing beyond qph ≈ 3 fm
−1,
and f2n(q) grows predominantly for large q-values
when the calculations diverge.
4. The same grouping of the parametrizations is ob-
served when considering the quality of their pre-
diction of nuclear masses. SLy5, T44, T11, and
KDE0v1 were adjusted treating properties of nu-
clear matter and finite nuclei on similar footing.
By contrast, no data on nuclear masses were in-
cluded in the protocol for LNS and SQMC700. As
already pointed out in the original references, the
mass residuals for these parametrizations are pro-
hibitively large (> 5%). NRAPR was adjusted in a
similar manner, with only the spin-orbit part of the
EDF being tuned to the binding energies of 208Pb,
90Zr and 40Ca, but with very poor results. Finally,
SkM∗ has been constructed using a semi-classical
approximation of the mean-field and also leads to
non-satisfactory results for binding energies.
5. Finally, let us consider UNEDF0. It has a large un-
certainty in Cρ∆ρ1,crit and a ρp(qph) that decreases sys-
tematically with qph, hence placing it in the second
group of parametrizations. However, ρcrit < ρcent
and properties of nuclear matter and finite nuclei
were treated on equal footing during its adjust-
ment, thus associating it with the first group of pa-
rametrizations. We do not see a clear explanation
of this mixed behavior. One can however note that
the value found for Cρ∆ρ1,crit is far from its nominal
value, even if it falls within the error bars reported
in [34] .
Combining all aspects of the study carried out in the
present article, no universal quantitative picture emerges
regarding the value of ρcrit when scanning various Skyrme
parametrizations : Omitting UNEDF0, which has a large
uncertainty in ρcrit and for which C
ρ∆ρ
1,crit is far from its
nominal value, one finds a group of parameterizations
(SLy5, KDE0v1, T11, T44) that delivers a high quality
prediction of nuclear masses and for which the ρcrit deter-
mined by means of RPA for SNM corresponds to densities
that are probed in a finite nucleus. On the other hand,
one finds a group of parameterizations (LNS, NRAPRii,
SQMC700, SkM*) which leads to less satisfactory results
in the description of nuclear masses and for which there
seems to be no easy one-to-one correspondence between
ρcrit and the densities probed in a nucleus. Note, how-
ever, that LNS, NRAPRii and SQMC700 are shown to
be consistent with a large set of pseudo-data in SNM.
For the purpose of constructing parametrizations for
the description of finite nuclei that are stable with respect
to scalar-isovector perturbations, we propose a two-fold
8FIG. 10: (Color online) Binding energy of (a) 40Ca and (b)
208Pb obtained from Hosphe and SLy5 [32] as a function of
Cρ∆ρ1 . Calculations are performed for several values of the
number of shells N . The curves end at the largest value of
Cρ∆ρ1 for which the convergence criteria are reached within 40
000 iterations.
criterion: First the minimum of ρp(qph) should be larger
than the central density in 40Ca, in practice around 1.2
times the saturation density. In addition, one has also
to verify that ρp(qph) exhibits a distinct global minimum
and is not a monotonously decreasing function for large
transferred momenta.
Since RPA calculations of SNM can be performed at
no computational cost, the above stability criterion can
be easily incorporated in fitting protocols to identify and
reject (near-) unstable regions of the parameter space
when adjusting the coefficients of the EDF. The value of
this threshold should of course be increased in case one is
interested in nuclear systems exploring densities higher
than those encountered in nuclear ground states, such as
they appear in neutron stars for example.
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FIG. 11: (Color online) Maximum value of Cρ∆ρ1 for which
a solution is found for the ground state of a given nucleus.
Results are displayed for SLy5 ((a) and (c)) and T44 ((b) and
(d)). Results are displayed in the upper (lower) panel as a
function of the mesh (basis) size used in Lenteur (Hosphe).
Appendix A: Observation of finite-size instabilities
with Hosphe
In a code based on an expansion on an oscillator basis
such as Hosphe, the occurrence of instabilities manifests
itself differently than in codes based on a discretization
on a 1D or a 3D mesh. This is illustrated in Fig. 10 for
the N = Z nucleus 40Ca and for 208Pb. The binding en-
ergy is plotted as a function of Cρ∆ρ1 for different values of
Nsh. For both nuclei, the energy decreases up to a value
of Cρ∆ρ1 where the convergence criteria on energy cannot
be met in spite of an unusually large number of iterations
(up to 40000 in our calculations). For the smaller num-
ber of shells shown in the Figure, (Nsh ≤ 40 for
40Ca and
Nsh ≤ 50 for
208Pb), an apparent convergence is obtained
for values of Cρ∆ρ1 in the vicinity of C
ρ∆ρ
1,crit but with an
unphysical large value of the binding energy. In that re-
gion of the plot, a 1 MeV fm5 increase of Cρ∆ρ1 leads to
a change of total energy of the order of tens of keV for
Nsh = 20 and of tens of MeV for Nsh = 30, 40 in the
case of 40Ca. These numbers have to be compared with
those of Ev8. Then, for all mesh sizes, the energy only
varies by a few keV for a 1 MeV fm5 step in Cρ∆ρ1 below
Cρ∆ρ1,crit. Increasing Nsh to unusually large values makes
the detection of instabilities easier, but still leads with
60 shells to values of Cρ∆ρ1 significantly larger than with
codes based on an discretization on a mesh. This result
clearly illustrates the impossibility of an accurate deter-
mination of the value of Cρ∆ρ1 for which the instability
sets in when an expansion on an oscillator basis is used.
It also demonstrates that if an EDF parameterization is
unstable, the occurrence of finite-size instabilities can be
obscured by a choice of a number of oscillator shells lead-
9ing to an apparent convergence of binding energies but
artificially suppressing the occurrence of instabilities.
Appendix B: Results from the spherical codes
Systematic calculations for 16O, 40,48Ca, 56,78Ni,
100,132,176Sn, 208Pb with both Hosphe and Lenteur
have shown that the lowest Cρ∆ρ1 at which the instabil-
ity sets in is found for 40Ca or 208Pb. This is illustrated
in Figure 11 for the SLy5 and T44 parameterizations.
The critical value of Cρ∆ρ1 is obtained in
40Ca for T44
and in 208Pb for SLy5. In the latter case, several nuclei
lead to similar values. Throughout our analysis and with
the highest accuracy used in the two spherical codes, the
lowest values of Cρ∆ρ1,crit are systematically obtained with
Lenteur.
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